Abstract. In this paper we study some operators with the single valued extension property. In particular, we investigate the Helton class of an operator and an n × n triangular operator matrix T .
Let H be a complex (separable) Hilbert space and let L(H) denote the algebra of all bounded linear operators on H. If T ∈ L(H), we write σ(T ) for the spectrum of T . An operator T ∈ L(H) is said to have the single valued extension property if for any analytic function f : D → H, D ⊂ C open, with (λ − T )f (λ) ≡ 0, it results f (λ) ≡ 0.
For an operator T ∈ L(H) having the single valued extension property and for x ∈ H we can consider the set ρ T (x) of elements λ 0 ∈ C such that there exists an analytic function f (λ) defined in a neighborhood of λ 0 , with values in H, which verifies (λ − T )f (λ) ≡ x. Throughout this paper, we denote σ T (x) = C\ρ T (x) and H T (F ) = {x ∈ H : σ T (x) ⊂ F }, where F ⊂ C.
In [2] J. W. Helton initiated the study of operators T which satisfy an identity of the form
We need further study for this class of operators based on (1) . Let 
R and S be in L(H) and let C(R, S) : L(H) → L(H) be defined by C(R, S)(A) = RA − AS. Then (2) C(R, S)
k (I) = k j=0 (−1) k−j k j R j S k−j .
Definition 1. Let R ∈ L(H).
If there is an integer k ≥ 1 such that an operator S satisfies C(R, S) k (I) = 0, we say that S belongs to Helton class of R with order k. We denote this by S ∈ Helton k (R).
Next we study the Helton class of an operator which has the single valued extension property. Proof. Let f : D → H be an analytic function such that (λ−S)f (λ) ≡ 0. Since the terms of the below equation are equal to zero when j +s = r, it suffices to consider only the case of j + s = r. Then we have the following equations:
Hence we have
Since R has the single valued extension property, (R − λ) k−1 f (λ) = 0. By induction, we have f (λ) ≡ 0. So we conclude that S has the single valued extension property. 
. Since 2S 1 has the single valued extension property, by Theorem 2 an operator S has the single valued extension property.
Next we consider the case of nilpotent perturbation. (⇐) The converse implication is similar.
Recall that if
where S is similar to a hyponormal operator, SN = N S, and N k = 0, then T is called a hypo-Jordan operator of order k. Since every hyponormal operator has the single valued extension property, from Theorem 4 we get the following corollary.
Corollary 5. Every hypo-Jordan operator of order k has the single valued extension property.
Next we consider another special case of the above question. Proof. (⇒) Assume that R has the single valued extension property.
Since R has the single valued extension property, so has
where D is an open set in C, then we have
Hence by induction we can show that f 2 (λ) = 0. Hence λf 1 (λ) = 0 from (3). Also we can apply the behavior of an analytic function. Hence we get f 1 (λ) = 0. Thus S 2 has the single valued extension property. By Lemma 6, T has the single valued extension property.
(⇐) Assume that T has the single valued extension property. If
Since T has the single valued extension property, f (λ) ≡ 0. So we complete the proof.
Next we investigate an n × n triangular operator matrix.
Assume that T has the single valued extension property. If T 11 T ij = T ij T jj for i = 1, . . . , j and j = 1, . . . , n, then T jj has the single valued extension property for j = 1, . . . , n.
where i = 1, . . . , j. Since T has the single valued extension property, for j = 1, . . . , n we get that T ij f j (λ) ≡ 0 for i = 1, 2, . . . , j. Hence for j = 1
Since T has the single valued extension property, we conclude that f j (λ) ≡ 0 for j = 1, . . . , n. Hence T jj has the single valued extension property.
We remark that if we set S = T 11 ⊕· · ·⊕T nn and N = T −S in Lemma 8, then T = S + N , where N n = 0. But we observe that SN = N S.
Lemma 9. Let T ∈ L( n k=1 H) be the following operator matrix
If T jj has the single valued extension property for j = 1, 2 . . . , n, then T has the single valued extension property.
Since T nn has the single valued extension property, f n (λ) ≡ 0. Then we obtain the following equation:
Thus f (λ) ≡ 0. Hence T has the single valued extension property.
From Lemmas 8 and 9, we get the following theorem.
Theorem 10. Let T ∈ L(⊕ n k=1 H) be the following operator matrix
where T 11 T ij = T ij T jj for i = 1, . . . , j and j = 1, . . . , n. Then T kk has the single valued extension property for k = 1, . . . , n if and only if T has.
Corollary 11. Let T ∈ L(H ⊕H) be the following operator matrix;
where
and T 2 have the single valued extension property if and only if T has.
Proof. It is the special case of Theorem 10.
Corollary 12. If T 1 and T 2 have the single valued extension property, then
Corollary 13. If T 1 and T 2 have the single valued extension property, then
Hence we get that 
Since T has the single valued extension property,
Thus f (λ) ≡ 0 and g(λ) ≡ 0. Hence T 1 and T 2 have the single valued extension property.
Corollary 15. If T 1 and T 2 in L(H) have the single valued extension property, then
where 
